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Department of Electrical and Computer Engineering
Image Analysis and Communications Laboratory
The Johns Hopkins University
Baltimore, MD 21218

Abstract - A Monte-Carlo simulation technique for the calculation of the
partition function of a general Gibbs random field is presented. We show that
the partition function of a general Gibbs random field is equivalent to an
expectation. This observation allows us to develop an importance sampling
approach for estimating this expectation by using Monte-Carlo simulations.
Two different methods are proposed for this task. We show that the resulting
estimators are unbiased and consistent. Computations are performed itera-
tively, by using a simple, Metropolis-like, Monte-Carlo algorithm with remark-
able success, as it is demonstrated by our simulations. Our work concentrates
on binary, second-order Gibbs random fields defined on a rectangular lattice.
However, the proposed methods can be easily extended to more general Gibbs
random fields and, therefore, can become quite useful in many scientific areas,
such as biology, statistical mechanics and image processing. Furthermore, a
potential contribution of our technique to optimally estimating the parameters
of a general Gibbs random fiela from a given realization via a maximum-

likelihood approach is anticipated.
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I. INTRODUCTION

Markov, or, equivalently, Gibbs random fields (GRF’s) belong to a well
known and popular class of parametric random field models [1], [2]. They are
extensively used for modeling spatial interaction phenomena, including the
phenomenon of phase transition which occurs when some macroscopic proper-
ties of a physical system change discontinuously over a small perturbation of
its parameters. Some “classic” application areas of GRF’s include statistical
mechanics [3-5], ecology [6], sociology [7] and crystallography [8], [9]. Recently,
GRF models have found wide applicability in the general areas of image
analysis and computer vision, where they have become an attractive tool for
providing statistical models for images [10-13]. Since they capture various
image characteristics in terms of a few parameters, they have been successfully
applied in a variety of image processing problems, such as smoothing and seg-
mentation [14-18), restoration [19], [20], reconstruction [21] and coding {22], as
well as in a variety of computer vision tasks [23], [24]. However, many theoret-
ical and computational difficulties prohibit the application of these models to a
wider class of problems, one of the major difficulties being the computation of
the partition function. No exact solutions are known for this problem, except
for very simple cases [5], which are not adequate for most applications of
interest. As an alternative to exact solutions, approximation methods are used
to get a good estimate of this quantity. Some of the better krown approxima-
tion techniques could be grouped into the following categories [5]: (a) cell, or
cluster, approximations [25], [26], (b) series expansions in powers of an
appropriate variable [27], [28], (¢) renormalization group techniques [29], [30];
and, (d) statistical simulation and other techniques [5], [31]. Most of these
methods are either unreliable, especially around the critical point where a

phase transition occurs, or require considerable faith in the involved
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assumptions [5].

The lack of a closed form solution for the partition function imposes many
restrictions. For example, the statistical inference of GRF’s, via a maximum-
likelihood approach, is an open problem, since solution of the likelihood equa-
tions is impossible without knowing the exact value of the partition function
and, possibly, some of its derivatives. As a result of this, alternative methods
have been developed with moderate success [6], [11], [17], [20], [32-36]. It is,
therefore, clear that the problem of calculating the partition function of a gen-
eral GRF, in a computationally amenable way, is of great interest. The study of
this problem is the purpose of the present paper.

The approximation technique proposed here is based on a stochastic simu-
lation approach and it makes use of a mutually compatible Gibbs random field
(or, equivalently, Markov mesh random field) and its relation to a general GRF
[37], [38]. Section II is devoted to establishing the required background aud
notation. In Section III we discuss the problem of computing the partition
function of a general GRF via Monte-Carlo simulations, and we propose two
methods to achieve this, which correspond to different approximations of a gen-
eral GRF by a MC-GRF random field. In Section IV we consider the algo-
rithmic implementation of these methods and discuss various important pro-
perties of the obtained estimators. Estimation of the derivatives of the parti-
tion function, and other related quantities, is very important and is also neces-
sary in order to carry out our second method. This is discussed in Section V,
whereas, in Section VI various supporting simulation experiments are
presented. Finally, in Section VII, we review our results and draw our conclu-

sions.
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II. GIBBS RANDOM FIELDS

Assume that we have a collection of MxN sites which form a two-
dimensional rectangular lattice Ayy = (({,j):1<i<M, 1< j<N }. A discrete ran-
dom variable H(i, j) is assigned at each site of the lattice, taking values from a
discrete ensemble Ey = {6y, ¢, . . . , 6}, Which contains R>2 distinct values. The
resulting random field (H1=(H(, j):1<i<M,1<j<N )} can take any one of
the RMN possible realizations [hA]= (h;:1<i<M,1<j<N} in the Cartesian
product E¥Y with joint probability distributionl Pr[H=h]. At each lattice site
sn,n=1,2..., MN, aset N, of neighbor sites is assigned such that: (a) s, ¢

N, ; and, (b) if s,eN,_, then s,eN, . We shall restrict [H] to be in the class of

Markov random fields (MRF’s). In this case the following Markovian property

is satisfied:
Pr(H(s,)=h(sy) |H(s)=h(s),s eAyny—(sa}]
=Pr{H(s,) =h(s,) | H(s)=h(s),seN, 1> 0.

According to the Hammersley-Clifford Theorem (6], [H] is equivalent to a GRF

whose joint probability distribution is given by the Gibbs measure

_ 1 _1
Pr(H=h] = Zexp( T

Uh)}. (1)
In eq. (1), Z is a normalizing constant known as the partition function, T is a
positive parameter, known as the temperature, which controls the degree of
peaking in the Gibbs measure, whereas, U(:) is the energy function which

depends on a specific realization h of the GRF ard the potentials associated

with its cliques [6].

! In the following, boldface characters denote vectors which correspond to a lexicographic
oraering of the random field.
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Without loss of generality, we consider second-order GRF’s {6]. These ran-
dom fields is a “rich” class of models capable of describing a variety of spatial
interaction phenomena in a satisfactory way. In this case, the neighborhood

N, at site (i, j)e Ayn, will be given by
Ni§2)= {G-1, j-1,G-1, /),G-1, j+D,G, j-1,0, j+D,0G+1, j-1),G+1, j),G+1, j+1)} ,

and the Gibbs measure (1) by

1 M N
Pr(H=h] = —Z;AT ggcij(hij:hi-l,jshi—l.j—lshi,j—l) , (28.)
where
M N
Zyn = Y TTIT1o5G, ki jshia, jo1nhi, jo0) - (2b)

states hi=1 j=1

In eq. (2), 0;i(x, y, 2, w) is the local transfer function (LTF) of the GRF [H], and
the summation is carried over all RN states [37]. The LTF has to be modified
at the boundary sites of Ayy depending on the type of boundary conditions
assumed (free, or toroidal). In this paper, we shall assume free boundary con-
ditions?; ie., HG,j) = ¢, in ((G,j),i <0 or j<0}. The case of a first-order

GRF with neighborhood
NP = (G-1,/),G, j-1,G, j+1),G+1, )},

is a special case of eq. (2), with o;;(;;, h;_y,j, hi-1, j-1, Ai, j-1) Dot depending on
Riot, jr-

A special case of a general GRF is a mutually compatible Gibbs random
field (MC-GRF), or, equivalently, a Markov mesh random field [37]. The proba-
bility structure of a subset [H]4 of such a random field [H], restricted on a
finite sublattice A of Ay, is independent of the size, or shape, of A. The LTF

t,(x,y, z, o) of these GRF’s is restricted to satisfy the following relationship:

2 This type of boundary conditions is most natural in many practical situations {19].
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Y onilu,y,z,0) =k,

dimact
ueky

for every triplet (y,z,w)eEf}, where k;; is a constant. It is easy to show that the
computation of the partition function Z, in this case is trivial. Indeed,

M N
I;MN = Z HH ‘Clj(hljvhi~1,j’hi—l,j—l7hi,j—l)

statesh i=1 j=1

M N M N
= HH 2 Tilu ki ki jonk j) =TI T A5 -

i=1j=1 ueky i=1j=1

In this case, the partition function is expressed as the product of regular and
local partition functions (the k;;’s); therefore, no phase transition is associated
with these models [37].

Generating a realization of a MC-GRF is also an easy task, because this
can be done lexicographically using point by point simulation, as the following

relation implies:

PrH=h]=- l’_"I ﬁ TRy hin, jo e, j-n B 1)

i=1j=1 Z ‘Cij(u,hi-x,j.hi-x,j-l,hi,j-l)
ueky

N
HPI'[ hij Vhicy, johicy, joshi ],

J=1

o |3

-
I
—

where

Tij(hij,hi-l,j,hi—l,j—l)hi.j-l)
Z ‘c,-j(u ,hi—l,j,hi—l,j-lrhi,j—l) '

ueky

Pr[ h'ij lhi—l,jyhi—l,j—lshi,j—ll =

Therefore, knowing the values of random variables H(i-1, j), H(i-1, j-1) and
H(i, j-1), we can generate the value of H(i, j) by sampling the conditional pro-
bability Pr( hij | hi_y, j, iz, j-1, ki, j-1 ] over all possible values in Ey.

Since a MC-GRF is characterized by many attractive properties, it has
been pointed out that it might be a good idea to try to approximate a general
GRF by a MC-GRF ([38]. Two approaches have been adopted here for the
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solution of this approximation problem. The first one is the simplest one, how-
ever the second one achieves optimality with respect to an “entropy” distance
between the probability distribution of a general GRF and the probability dis-
tribution of a MC-GRF. Both will be used to develop an importance sampling
procedure for the Monte-Carlo calculation of the partition function Zyy, given
by eq. (2b). This will be discussed in the following section.

III. MONTE-CARLO CALCULATION OF THE PARTITION FUNCTION

As we mentioned before, the main purg '3e of our work is to calculate the
partition function Zyy of a general GRF via Monte-Carlo simulations. From eq.
(2b) observe that

ZMN = E AMN(h) ’ (3a)
stategs h
where
M N
Auv M) =TT I'T 0ijhsj, hicy, j, Bica, jor, i 1) (3b)

i=t j=1
Since the previous summation is carried over RM¥ states, it is not possible to
compute Zyy directly, even for moderate size lattices. Assume that Pyy(h) is a
joint probability distribution defined on the space of all RMN realizations h,
such that Pyy(h) > 0, for every state h e E¥Y. In this case

(4)

Zyn = 2,

statesh

Ay () [ A
Pyn(h) } Pun () = Ep [PMN(h) }

From eq. (4) we derive the following estimate Zyy p for the partition function

Zyn:

MN(hk)J (52)

1 K A
ZMN p— hm ZMN p(K)— hm {T{-E MN(hh)

where
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R 1 X Ayn(hy)
Zn p )=~
M, p(K) K§PMN(hk) (5b)
provided that
Ayn(h)
Y < 400, (5¢)
for every h € E}Y. In eq. (5), hy, R =1,2,..., K, are i.i.d. realizations drawn

with probability P,y (h,), and, therefore, Zyy » is a Monte-Carlo estimate of
the partition function [39]. Inequality (5c¢) is satisfied in the case of finite lat-
tices. When MN — +, this inequality may be violated and our approach has to
be modified. This modification will be discussed shortly.

Let us now focus on the problem of choosing the appropriate joint proba-
bility distribution Pyy(h). Since Zyy p(K), and, therefore, Zyy p, are unbiased
estimators of Zyy [3%], we shall concentrate on finding joint probability distri-
butions Pyy(h) which result in a small error variance Ep[ ( Zyn p(K) - Zyn )? 1,

for every K. Ultimately, we would like to minimize the quantity

Ay (h) L K-
Puv() = K

EpZjgn p(K) 1= % > Zin >

statesh

with respect to Pyy(h), provided that we can draw samples h from the proba-
bility distribution Pyy(h) in a computationally efficient way. Equivalently, we
would like to minimize (with respect to Pyy(h)) the Ali-Silvey distance [40]

TEMN( ) 2
d , P ——— i Pyn(h
15 (Tan » Pun) m%:‘h Pon () My ()
K 2
= ——Epl Zjin pK) 1- (K -1), (6)
MN

between the probability measures Pyyth) and myy(h). Notica that Pyy(h)
should be known explicitly, since at each step of the Monte-Carlo algorithm the
quantity A,y (h)/ Pyy(h) must be calculated.
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It is straightforward to show that the direct minimization of eq. (6), with
respect to Pyy(h), results in Pyyth) = myy(h) = Ay (h)/ Zyy , which is the Gibbs
measure. Although this choice results in zero error variance, it is useless, since
the computation of A,y (h)/Pyy(h) requires Zyy to be known explicitly. We can
resolve this problem by considering probability distributions Py (h) which
correspond to a MC-GRF, therefore, satisfying the following relation:

M N
Pyn () = TTTT wjhij, hicy, jrhio, jor, hi, j-1) > O, (7a)
i=1j=1
where
Y tiu,y,z,0)=1, forevery (y,z,0)cEf . (7b)
ueEH

We shall denote this class of distributions by D; i.e.,
Puvh) e D, if and only if eq. (7) holds .

This is a convenient choice, since drawing samples from P,y (h) (i.e., generating
a realization of a MC-GRF) is an easy task, as it was mentioned in the previ-

ous section. Computing the ratio Ayyh)/Pyy(h) is also straightforward. Indeed,

if
e GRy hay gy R, jou e, o)
qU,P(hu 7hl—l,j,hl—1,_[—l; h;_J_l) = Tij(hij,hi-l,j,hi—l‘j-—l,hilj_l) s (83)
and
M N
Qun.p) = TTTT aij.pChij, hicr, jrhicy, j-r, i j-) s (8b)
i=1 j=1
then (see egs. (3), (4), (7) and (8))
Zun= 2, Qun.p) Pyyh), (9)

statesh

and

k=1

. . K
ZyN.p =KlinLZMN_p(K) =K1LIT+1~[% > QMN,p(h/.)] ) (10a)
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where

. K
Zuw,p K= 3 Qun.p (), (10b)
k=1

provided that
Qun,p(h) <400, (11D

for every h € E}fN. The error variance in this case will be given by (see eq. (10))

Varp[ZAMN'p(K)] = '1“ li[ E Q‘:&N,p(h)PMN(h) _Z“&N (12)

1)
K states h J
A simple choice for the LTF of a MC-GRF could be t/¥(x,y,z,0)=VR, for
every (x,y,z,0)eEf and every (i,j)eAyy. In this case Pi4h)=URMN (ie., the
joint probability distribution of an i.i.d. random field) and the error variance
will be given by
Var puuZyyy, puaBOl = = [RMN[ ¥ A,;‘;Nax)J —z,,z,N} . (13)

statesh

In most practical situations one does not expect the i.i.d. choice to give a
good estimate of Zy in a reasonable time. The reason for this is that, in most
cases of interest (e.g., in low temperatures), only a small fraction of realizations
h, contribute substantially to the partition function sum, while the contribu-
tion of most other realizations is negligible. Considering samples h, with equal
probability will greatly underestimate Z,, since most of the time h, will be a
sample that does not contribute much to the computation of Zyy. To overcome
this difficulty, we will need many iterations, which could result in a K being
comparable to R#N_ Nevertheless, this sampling scheme becomes attractive in
the case of GRF’s which are “close” to i.i.d. random fields (i.e., in high tempera-
tures).

If we now choose the joint probability distribution of a MC-GRF which is

“as close as possible” to the Gibbs measure, then this choice will favor the most
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probable realizations of the GRF over the less probable ones. This will result in
the error variance given by eq. (12) which wiil be much less than the error
variance given by eq. (13). It is now natural to seek the optimal joint probabil-
ity distribution Pgfy(h) of a MC-GRF, by solving the following constrained

minimization problem:

Pify(h)y=arg ( min_dis(tyn, Pyy)) - (14)
Pyy €D

However, the olution of eq. (14) is not feasible in gereral. Therefore, we shall
derive two suboptimal solutions to this problem. The first one is motivated by
the following theorem:

Theorem 1. For every joint probability distribution P{%(h) € D, there will
be a joint probability distribution P& (h) € D, with

Ti(j2)(x Y2, o) = Ti(jl)(x W Yi2, ®) ’ (153)

for every (i,j)e Ayny - ((M, N)} and

oun(x,y,2,0)

Y ounv(u,y,z,w)’
ueky

(15b)

th(x,y,2,0) =

for every (x,y,z,wn)e E4, such that Varp(z)[Z‘wN,p<z>(1f)] < Vaer[ZMN,P(,,(K)] .
Proof: For every (y,z, ) € Ej, let 1}(x,y,2,0) be the LTF which minim-

izes the following constrained minimization problem:

ohnu,y,z,0)

minimize“ZEH iy Z.®) (16a)
such that
S wvu,y,z,0)=1, (16b)
ueEy
and

tun(x,y,z,w) >0, foreveryx € Ey . (16¢)
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By usiig a Lagrange multiplier A,, and by differentiating eq. (16a) with

respect to tyn(x,y,2, ), we obtain

2
d cin(u,y,z,)
E ORI (Y tn(u,y,z,00-11| =0,
&tMN(x,y,Z,w) UEEH TMN(u,y,Z’w) A.ym MEZE:H MN Y

or

GMN(x,y,Z,m)
Tun(x,y,2,0) = ——————>0. a7n
J :;Zm

From eq. (16b) we have that

VA= 2, oun(u,y,z,0),
ueEH

which together with eq. (17) gives eq. (15b). Notice that, the only non-zero

entries of the Hessian of

2
GMN(uyJ' Z,(D)
L A | X v,y ,2,0) - 1
ueEy TMN(U,_)',Z,O)) ueEy ]

will be the diagonal ones, which are positive. Therefore, the LTF ti}4(x,y,z,0),
given by eq. (15b), is the solution of problem (16). If A'yy = Ayy — (M, N)}, we
have that (see also egs. (7), (8), (12) and (15))

2
5 cij(hijvhi—l,j:hi—l,j—lrhi,j—l)

M N
K Varp(,, [ZMN,P(”(K)} + ZI&N = Z H H

(1)
states hon Ayy i<l j=1 Tij (hijyhi—l,jrhi-l,j—l»hi,j-l)

g 3
( 62 (hij hio, jyhiot, jo, Bi, 1) oinw, hicy, j hicy, jou R, o)

= X [1I1 2

1 1
states bon Ay |G, J)eA yy Ti(j )(hijvhi-l,jvhi ‘,j-lrhi,j—l) ueEy TMI(U rhi-l,jyhi-l,j-lyhi,j-l)
-

- P
i ) -
5 5 [1IT ol (hij hicy, jyhioy, jo, Bi, 1) ofn@ kit hioy, jou i jo) W
states hon Ay (i, J)EN YN Ix(jz)(hijvh‘i*l,jrhi-l,j-—l»h‘i,j—l) ue‘EH Tg}l(u ’hi—l.jrhi-l.j-lrhi,j—l) j
- . J

clhij Ry, johic, jon R o)

2)
states hon Ay 1=1 =1 Ty iy Ricy joRicy, j-u i ja

= K Var,o [ZMN'P@)(K)] +Zgy . (18)
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The proof is now a direct consequence of eq. (18).
O
Given the LTF o;(x,y,z,0) of a GRF, our first suboptimal choice for the
joint probability distribution Pyy(h) will be a joint probability distribution
Pyn(h), given by eq. (7), with LTF

O'ij(x,}' !z’m)

. = 1
15(x,y,2,0) EERITR (19)
ueky
for every (x,y,z,®) € Ejf and every (i, j) € Ayy. In this case (see eq. (8a))
q,‘j'p'(xyyysz)= z O','j(u,y,Z,(D). (20)

ueEy

The MC-GRF with LTF given by eq. (19) corresponds to the MC-GRF
obtained by approximating a general GRF via the “Approach B” developed in
[38]. This is a sensible choice, because the computation of the joint probability
distribution Pyy(h) is feasible, and the obtained MC-GRF contains substantial
information about the original GRF [38], much more than the i.i.d. random
field, which contains absolutely no information about the GRF in low tempera-
tures. One expects that the samples h, drawn from this joint probability distri-
bution, will contribute substantially to the computation of the partition func-
tion sum, resulting in a considerable variance reduction. In general, we expect

that

Varp(Zyy p &1 << VarpulZyy pua®)1,

where

R Adn(h)
Vorr 00~ H 2 Pg:a:)] i Z&”J ’

tatesh

which has been verified to be the case in most of our simulations.
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Probability Pyx(h), although simple to compute, may result in an unac-
ceptably high error variance. This is typically the case for GRF’s in low tem-
peratures, as our simulations demonstrate; therefore, a better choice for Py, (h)
is needed, which will result in larger error variance reduction. This is provided
by a theorem, which appears in [41].

Consider the following “entropy” distance between the Gibbs distribution
and a probability distribution Py h):

[ man (h)
| Py (B)

TTMN (h)
Pyn(h)

TTMN (11)

In Bage ()

diL(myn, Pun) = 3,

statesh

}PMN(h) = Z nMN(h)ln

statesh

This is also an Ali-Silvey type of distance, and is minimized for
Pyn (h) = myy (h), for all states h. For the reasons stated above we would like to
constrain the minimization problem and obtain a probability distribution

Pyv(h) which satisfies

Pyn(h) =arg ( PminDdlL (mpn, Pun) ) - (21)

MN €
If we assume that the Gibbs distribution myy(h) has homogeneous3 LTF, i.e.,
oij(x ,y)zsm) = G(x ,)' 7290'))’

for every (i, j) € Ay~ and (x,y,z,0) € Ej, then we obtain the following theorem.

Theorem 2: The probability measure Pyy(h) € D with LTF

L7 R S
- aC(x,y,Z,(D) Y2,
T, (x,y,2,0) = o , (22)
2 [———LN— olu,y,z,o)
uéEy ooy ,y,z,0)

for every (x,y,z,0) € E4 and (i, j) € Ayn satisfies eq. (21).

3 This is a reasonable assumption in image processing applications and simplifies our
derivations considerably.
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Proof: The proof can be found in [41].

O

The MC-GRF with probability measure Pyy is optimal, achieving a
minimum entropy distance from the Gibbs distribution nyy. However, in gen-
eral, it is suboptimal with respect to minimizing the error variance, or
equivalently the distance d;s(myn, Pun)-

Given the LTF o(x,y,z,») of a GRF, our second choice for the joint proba-
bility distribution Py (h) will be a joint probability distribution Py (h) given by
eq. (7), with LTF given by eq. (22). In this case (see eq. (8a))

olnZyn
qij,p'-(x,y,z,m) = i . o5
MN

As expected, the MC-GRF with LTF given by eq. (22) approximates the origi-
nal GRF better than the MC-GRF with LTF given by eq. (19), especially in low

temperatures. This may result in significant variance reduction; i.e., we expect

VarpalZyy pe ()] << Varp 2y, (&)1,
where
5 _ 1 Ab%N(-h) 2
VarP“[ZMN,P"(K)] = 'E [[sméh m] - ZMN} ]

which has been verified by our simulation experiments for a variety of GRF’s.

To summarize, we propose two methods for calculating the partition func-

tion Zyy:

K 5 400 k=1

Ayn(h) R . 1 K
m] ZMN.P’ = lim [E Z QMN,P'(h")] ,

where h; ~ Pyy(h,),
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) Aun(h) . 1 X ]
Method 2: Zyy =E,~ PI;;N(h):| = ZMN.P.. =Klir£1“[—fk§1 QMN'P-(h,.)J ,

where h, ~ Pyy(h,),

with Pyy(h) and Pyy(h) being the joint probability distributions of two MC-
GRF’s with LTF’s given by eq. (19) and eq. (22) respectively, and Quy (),

Qv p~(h) by eqgs. (8b), (20) and (8b), (23) respectively.

IV. COMPUTATIONAL ALGORITHMS

After deciding for the MC-GRF joint probability distribution to be used in
the Monte-Carlo partition function calculation, the next step is to determine
how to implement this calculation in a computationally efficient way. In the
following we shall denote both Pyx(h) and Pyy(h) as Pyy(h), i.e, the superscript
vy will stand for * or **. A simple approach is to use the following algorithm:

ALGORITHM I

1. Draw K statistically independent realizations h,, £ =1,2,..., K, from
probability Py (h), given by eq. (7), with t;(x, 5, z, ®) = 1}(x, y, 2, @), given
by eq. (19) or (22). This can be done lexicographically, as it has been dis-
cussed in Section II.

2. Compute Qv prhe), for every realization h,, & =1,2,..., K, by using eq.
(8b) and one of (20), (23).

3. Compute Z,,, ,,(K) by using eq. (10b).

The statistical properties of the estimator Z'MN’ pr(K) can be easily derived.
Indeed, Z,,y ,,(K) is a sum of the i.i.d. random variables @, py(1);, @y py(ho)

vooor Quy pr(hx) divided by K. Each of these random variables has finite mean
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Wy pr = Epr[@yy pr(hi)1=Zyy and finite variance o, ,y= Vary, (@, py(he)l

=3 QAEN pr() Pin(h) - Z3Zy > 0. From the central limit theorem we have that
states h ’

A

Zyy pK) is an asymptotically normal random variable with

VA K)-Z
VE P L NGO,

OSun,pY

as K — +o, From the strong law of large numbers we also have that
i.e., our estimator converges to the partition function with probability one.
Therefore, it converges in probability; i.e.,

Pr 1 2y pn®) ~ Zuw | 2 e] >0, (24)

as K — +w, for every ¢>0. Hence, ZMN (&) is an unbiased and consistent

estimator of Zyy. To get a practical idea on the accuracy of such an estimator,

it is worthwhile calculating the sample variance, defined by

K —
6Ifm,mr(K) = % 2 [ Qyy pr(a) — Qpy py(K) 7, (25a)
k=1
where
— 1 K
Qv pr &) = X 2 @y prBa) . (25b)
k=l

This is the usual estimator for the variance of szv, (&), and can be effectively

used to decide how many iterations K are needed in order to achieve a
prespecified accuracy in estimating Zyy.

The computational complexity of Algorithm I is O(KMN), since it requires
the generation of KMN samples drawn from the discrete conditional probability
distribution Pr{ h;; | h;_y ;, hio, j-1, hi, j1 1; therefore, for a large lattice, we may

not be able to obtain accurate estiwrates of Zyy in a reasonable time. This
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problem may be partially solved by considering realizations hy, h,, ..., which
differ only slightly from each other. In this case, h,,, and Qun pr(hes) may be
easily calculated from h, and QMN, pr(he) by a simple update. This can be done
by generating a Markov chain on the RMN possible realizations of [H] with

prespecified transition probabilities P{**+, given by
P,‘&k’h*'l) = Pr [Hk+l = hj [ Hk = h" ] ’

from state h;, at step k, to state h;, at step & + 1. These transition probabili-
ties form a sequence of RMNx RMN transition probability matrices P®),

k =1,2, ..., which should satisfy the following relationship:
(PYYP®=(pPYY, (26)

where PY is the RMN- dimensional probability vector with elements P =
Pyn(;) and ¢ denotes transposition. If Pr[ H, = h ] = Pjy(h), and if eq. (26) is
satisfied for every k£ =1, 2,..., then every state of our Markov chain will be a
sample drawn from Pyy(h). Therefore, we have to construct P*’ such that eq.
(26) is satisfied. However, we have to keep in mind that, in this case, the reali-
zations hy, h,, ..., are no longer statistically independent, and a new analysis
is required for the study of the statistical properties of Z‘MN' pr&).

A simple way to accomplish the previous ideas is to consider a sequence
hy, hy, ..., of realizations such that h,,, differs from h, only at one site s,,
this site being chosen randomly (among all possible MN sites in Ayy), or, sys-
tematically (e.g., lexicographically). Furthermore, the random variable H,.,(s,),
at site s,, takes a value k(s,) in Ey drawn from a given probability distribu-

tion. When this probability distribution is given by
Pr [Hy,(sp) =h(sp) | Hy(s)=h(s), s € N,p 1>0,

the resulting algorithm is known as the Gibbs sampler [19]. Other algorithms

of a similar nature are described in [41] and are known as the Metropolis’,
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Barker’s and Hastings’ algorithms.

dom,

We have compared the performances of all these algorithms, using ran-

or lexicographic, site updating. As expected from the analysis in (41], the

Gibbs sampler with lexicographic site updating gave the best results: it con-

verged, on the average, faster than the other algorithms, requiring less compu-

tational time, and resulted in lower rejection rates (higher percentage of suc-

cessful updates). This result comes to no surprise, since the Gibbs sampler is

an importance sampling based procedure [39], [42], [43].

The Gibbs sampler is the sampling scheme used exclusively in our simula-

tions and results in the following algorithm for the estimation of Zy .

ALGORITHM II:

1.

Generate a realization h,; of the MC-GRF with probability Pyy(h), given by

eq. (7), with 7;(x,y, 2z, 0) = tfj(x, y, 2, w), given by eq. (19) or (22). This is

done lexicographically, as discussed in Section II. Calculate Qe pr(h0),

given by eqgs. (8b) and (20) or (8b) and (23).

Set SUM, = QFUN, = Qun pr1) and k£ = 1.

Set & = hi(sp), with p = (k¢ -~ 1) modulo MN + 1, where sy, so.. .., spy, 15 a

lexicographic (row by row) ordering of the sites in Ayy. Denote site s, by

@, )

Draw a value ¢ € Ey from probability d, /(3% ,d;),n =1,2,..., R, where
d; =130 hi®) i hi® i AR ) x 1 R i ia A o)

k * k
x o, ;R 500, B8 A o) <t ja i ja, B0 R )

forli=1,2,..., R.
If 9=h set QFUN, ., « QFUN, and go to step 6, otherwise compute the

ratio

RATIO = QMN_p’I(hk*'l)/QMN_P‘Y(hk)’
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by

k
Q, Jj+1, py(h: J+1’h (-l) J+l’h -1, _/,¢) qul i, pT(h;+1 _]7¢1hl(kj) 1: x+1 1—1)

k k
qi'j+1'p7(h;,1+l,h( 1, j+llh -1, J’h) xq”l,j,py( l('f'l)_]’hihi(,_/)—l!hl(-fl)j-'l)

RATIO =

qi+1,j+l py(hz+l Jj+l 1hl(kj)+1 0y hz(fl) _1) X q p1(¢,h -1, j’hl(kl) Jj-1 :hi(,k_;)-l)

k k k
qi“'j_,,l,py(hxﬂ Jj+l »hl( j)+l s x(+l) _1) x q‘ py(h h’l 1, J!h (-1) Jj-1 rh;(,k_/-—l)

where 9 pr®,y,2,0) is given by eq. (20) or (23). Set QFUN,.,, «

QFUN, x RATIO.
6. Set SUMi., « SUMy + QFUNy,1. If k + 1=K, set Z,, ,,(K) =

and stop; otherwise, set A**) = ¢, A& = 2L, for every (m,n) = G, j),

k « k +1, and go to step 3.

We would like now to emphasize that, iu the case of Algorithm II, con-
secutive realizations of the Markov chain differ in at most one site and, there-
fore, they cannot “cover” rapidly the entire state space of [H ], especially in the
case of large lattices. A remedy for this problem would be to consider L << MN
successive realizations of our algorithm as one state transition of the Markov
chain. In practice however, we have noticed that this modification does not
improve the convergence rate of Algorithm II.

Once again, we are interested in the statistical properties of the estimator
Z‘MN. pr(K), resulting from Algorithm II. In order to simplify our presentation,
we shall consider Algorithm II with random (instead of lexicographic) site
updating, in which case, the underlying Markov chain is characterized by sta-
tionary transition probabilities. A more general treatment (which is necessary
when lexicographic site updating is considered) can be found in [44]. Both

cases result in the same properties for the estimator Z wn pr&). As in the case
of Algorithm I, the estimator Z‘MN' py(K) is the sum of identically distributed

random variables Q, ,,(hs), which are characterized by a finite mean
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Hyw pr = ZuN and finite, nonzero variance cMN pr- Obviously, Z wn, prK) 18 an
unbiased estimator of Zp,. The computation of the variance of Zwv &)

requires more effort. Observe that

R K K
Varpv [ZMN'pv(K)] { % g QMN pv(hk) ZMN) ] K2 Py[[kgl( Q'-,IN,pv(hk) - ZMN)]Z}

K
El— [Z pY[(QMN pY(hk) ZMN)2] +2 Z E 1[(QMN_p7(hm)_ZMN)(QMN,pY(hn )_ZMN)]} ’

k=1 m=n
or

EVary (2, p]

K
By Q) = Za ] 425 Ko [ B,1@y ) @y B - Zi ]

I=1

= ¥ X @uyprhn) @y pr(h [Pﬁzv(h ) 8mn — Py (hp) Priy(hy )

states h, statesh,,

K-
+2
=1

,..

l

P (b, ) (PP — P,Jm(h,,)]J, 27)

where 3§, is the Kronecker delta, and
P&V =pPr[H,=h, |H;=h, ].

Equation (27) can be easily written in a matrix form as

s K-1
KVar, (2, w1 =(QV |PT-P1A+2 P ZKT PI_A)|Q", (28)

I=1

where all the matrices are RM¥x RMN matrices. Matrix P? is a diagonal matrix
with elements the R#" probabilities Pjy(h), h ¢ E}Y. Matrix A has RMV identi-
cal rows which are equal to the diagonal of P?, whereas, P’ is the | power of
the transition probability matrix P. Finally, " is an RMM- dimensional vector,

with elements Q,,, py(h), h ¢ E}f. For an ergodic transition probability matrix

P the fundamental matrix F, given by F = (I - P + A)}, exists, and [45]
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K-l g _
F=I+ lim ZI—{-I-{—Z(P‘—A). (29)

K — 4o 1=1

From egs. (28) and (29) we obtain

Jim KVory, 2y p)] = (@0 [2p'F- PP @7,
or
Jim_Var,, [Z‘MN'P,(K)] -0. (30)

From eq. (30) and the Tchebycheff inequality we obtain eq. (24); therefore,
Algorithm II results? in an unbiased and consistent estimator for Zyy .

We would also like to get a practical idea of the accuracy of the resulting
estimate. However, since the samples h, are no longer independent, we cannot
use the sample variance given by eq. (25). In the case of Algorithm II, eq. (25)
will most probably underestimate the variance, since it does not take into con-
sideration the correlations among consecutive realizations. To overcome this
difficulty, we may use the ideas in [48].

In many instances Z,y — +~ with increasing lattice size (i.e., as
M,N - +). Additionally, for many realizations h, Pyjyt) — 0, whereas,
Ayn ) > +0 as M, N —+o0. Therefore, eq. (5¢), or equivalently, eq. (11), may be
violated. Since most applications require use of rather large lattices, we have
to examine the problems introduced by this behavior and modify our Monte-
Carlo calculation procedure. It is clear that, in these cases, a simple partition
function calculation algorithm (like Algorithm I, or Algorithm II) will suffer
from overflow problems. A first step towards the remedy of this problem is to

estimate the quantity

f Zn) = = 10 o), 31

4 The central limit theorem, developed in [46], [47], is directly applicable in our case, and,
therefore, our estimator is also asymptotically normal.




page 23

instead of Zyy, by (see also egs. (8b) and (10b))

s 1 . 1 X Q , y(Bg)
Fre.pr@un) = 35 0y pED) =10 @yy poB) + In EE%T) , (32a)

with

In(Qyy pr@) = % Zln[ a;, oy RS R R S R l)J (32b)

i=1j=1

where q;; prx,¥,2,0) is given by eq. (20) or (23). This is a reasonable approach
for two main reasons: (a) f(Zyy) will not necessarily become infinite as
M, N, Zyn -+ (see for example the case of the Ising model, discussed in Sec-
tion VI), or, at least, it will be much smaller than Zyy; and, (b) we are usually
interested in computing the logarithm of the partition function rather than the
partition function itself (e.g., in the case of maximum likelihood parameter esti-
mation). However, computing the summation in eq. (32a) may still result in
overflow.

To overcome this problem observe that (see also egs. (8b), (9) and (31))

MN states h

FZu) =] 3 @, ,,,(h)PMN(h)]

q,;. q;; prlhij Bicy, johic, jon B jo0)

1
=——In| ¥ an Pyn(h)
MN states b | i=1 j=1 i PY Q,-j-'.";’:)
1

states h

= ——1In E qm PY QMN pY (h)PMN(h):'

=Ing S Qunpr (h)P,J,N(h)J (33)

1
+ —
max, PY MN [states h

where

1
M N

MN
(max) . (max)
q'™3) = max [ £2,y,2 a))} S Gaepr = | [TT19757 ,
i.p (x,_y,z,u)sl:‘4 U P P i=1 j=1 v
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and
. M N qi~,p1(hijvhi—l,j:hi—l.j—l:hi,j—l)
QMN,PT () = JTI1 : (max) :
i=1j=1 qij.P'(

From eq. (33) we see that, in order to compute f (Z,y) we have to calculate the
expectation EP,[QA',N, 4+ @]. This can be done by a simple modification of the
previous two algorithms. Notice that, in this case, Monte-Carlo calculations can
proceed with no overflow, even in the case of large lattices, because Q,;,N’ pr()
<1<+, for all realizations h; therefore, condition (11) is satisfied. Equation

(33) yields the following Monte-Carlo estimate for £ (Zyy)

: 1 5 1 1L X
fr prZun) = W]n(ZMN,PY(K)) =Ing, . pr+ Wln Ekgl Quin pr (hk)} ,

where h, are samples drawn from the joint probability distribution Py, (h).

It is worthwhile noticing that the estimator In(Z,,, ,,(K)) will oaly asymp-
totically (i.e., for K — +=) yield an unbiased estimate for In(Z,y) [49].To see
this, and for the case of Algorithm I, use the central limit theorem for

VA

un pr &) and the fact that the function In(-) has a nonzero derivative at Z,y

to prove that In(Z (K)) is asymptotically normal with mean In(Zyy) and

MN,PY

variance UK (o, py/Zyy)?, where

Ounpr = 2 @iy prMPivh) - Ziy .
states h

A similar result can be proved for the case of Algorithm II. Finally, we can

easily show that UMN ln(ZMN {K)) is a consistent estimator for UMN w\(Zyy ),

when either one of the two algorithms is used.

The practical implementation of the previous ideas requires the develop-
ment of fast algorithms. There are many ways to improve performance. For
example, much time is devoted to generating uniformly distributed random

numbers. The development of a good, fast and, probably, machine-dependent
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random number generator will definitely result in computational savings.
Another problem is the fact that the rejection rate approaches 100% in low
temperatures. To avoid “being stuck™ at the same realization for a long time,
one might try to use some “a-priori” knowledge for the MC-GRF parameters
and perform various simulations with different suitable configurations of the
state space, averaging the obtained results with appropriate weights. An
ingenious idea to overcome a similar problem is the “n-fold algorithm” proposed
in [50]. Since in low temperatures most GRF’s will favor realizations which are
characterized by large clusters, one can try to break these clusters into smaller
ones and then assign a random spin value to the whole cluster. This idea is
used in [51] to obtain an efficient and fast Monte-Carlo simulation algorithm.
It is also important to notice that Algorithm II can be directly implemented on
the Monte-Carlo simulation machines developed in [52-55]. These are special
purpose computers developed for the study of various properties of GRF’s.
Implementation of our algerithm on such machines ma; result in a substantial
reduction of computational time.

Traditionally, stochastic methods are used to simulate GRF’s and calcu-
late various quantities related to them. Our method fits to this framework.
However, some researchers have adopted deterministic, or pseudo-
deterministic, evolution algorithms, like the microcanonical simulation algo-
rithm in [56], [57]. For such algorithms, it is much more difficult to prove con-
vergence and study statistical properties of the resulting estimators. Addition-
ally, it is not clear if they can result in significant{ computational savings. How-
ever, we believe that it is extremely interesting to pursue many of these
methods further. We haven’t done so here though, since our major objective is

to present fundamental ideas, and a simple algorithm, for the calculation of

Zyn.
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V. CALCULATION OF PARTITION FUNCTION DERIVATIVES

So far, we have discussed the problem of computing the partition function
Zyn of a GRF. We have proposed two methods which require sampling from
two different MC-GRF's, namely, Pyy and Pyy. Method 2 requires the computa-
tion of the R* first-order derivatives of the logarithm of the partition function

with respect to the LTF (see eq. (22)); i.e., it requires computation of the vector

AnZyy

4
——ac(x,y,z,m)’ (x,y,z,0)€ Ef }. (34)

VolnZyn = |

The analytical computation of eq. (34) is not possible in general (except in some
special cases). However, this calculation can be approximated via Monte-Carlo
simulations by using a scheme similar to that used in statistical mechanics for
the calculation of various thermodynamic properties of large-scale systems [58].
In addition to the derivatives in eq. (34) we may also want to compute the
internal energy (which is related to first-order derivatives of the partition func-
tion) and the specific heat (which is related to second-order derivatives of the
partition function) of a general GRF. These quantities provide valuable means
for detecting and studying phase transitions. All these computations can be
approximated by a simple Monte-Carlo simulation algorithm, as it will be
demonstrated in this section.

Let us study the calculation of the derivatives of the logarithm® of the
partition function Z,y with respect to the LTF o(x,y,z,0). We shall limit our
analysis to the computation of first- and second-order derivatives. However,
our presentation can be trivially extended to include the computation of any
higher-order derivative. In the following, we shall denote by v,(x,y,z,) the
"5 We prefer to calculate the derivatives of the logarithm of the partition function, instead

of the derivatives of the partition function itself, for reasons similar to those explained at the
end of Section IV.
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total number of elementary squares (), A% ;, A% 1, A%)) = (x,y,z,0)

which appear in a realization h; of the GRF [H 1. From eqs. (2b) and (3a) we

have that
Zyw= 3 I oq,u,0,w)C" = ¥ A, (35a)
stateshy (g,u,0,w)e Eg states b
where
Agv) = I olg,u,v,w) @ (35b)

(q,u,u,w)eElj
Differentiating eq. (35a) with respect to the LTF o(x,y,z,®) we obtain

1 d anMN

Zi -
Mhe.y,2,0) = P S

Y vilx,y,z,0) Ayn(hy)

1 1 statesh;
" MN ofx,y,z,0) Y Aunv(ty)
statesh,
1 1
= Y vilx,y,z,0) nynhy), (36)

MN O'(x Yz ,0)) states hy

whereas, differentiating eq. (36) with respect to o(q,u,v,w), we obtain (see also

eq. (35))

1 azanMN
MN dolx,y,z,0) dolq,u,v,w)

ZH(x,y,z,0;q,u,v,w)=

1 1
" MN olx,y,z,0)o(q,u,v,w) X

x{ S [vitey,2,0 i@, u,0,w) - vite,y,2,0 85 | may (o)
states h;

states h; states by

—{ z Vt(q,U,U,W)ﬂMN(hz)][ T v:(x,y,z,co)mam] . @7
]
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where

Swvw —

1, iftx,y,z,0)=(q,u,v,w)
Xyz

0 , ifx,y,z,0)#(@q,u,v,w)"

The quantities defined by equations (36) and (37) can be efficiently calcu-
lated via Monte-Carlo simulations based on drawing samples directly from the
Gibbs distribution (2). This is a quite difficult problem in practice, whose solu-
tion can only be obtained asymptotically, therefore the resulting Monte-Carlo
estimates are biased. In practice, we will generate a Markov Chain of realiza-
tions h,, £ = 1,2,..., K, with suitable transition probabilities, that will
asymptotically be distributed according to the Gibbs distribution, i.e.,

h, ~ mnyy, or klim PriH=h, ]1=nuyh,), given by eq. (2). In order to reduce
- 4o

koo
the variance of the resulting ectimates, we discard the K, initial configurations
of this Markov Chain, where K, is a sufficiently large number, such that
Pr(H=h, ]1=nyn,), for £ > K,;. Then, we consider the K; next states of the
Markov Chain, i.e.,, hy, 2 = K;+1,K,+2,..., K;+K,, on which we form ergodic
averages. This results in

K +K;

1 1 L Y wlx,y,2,0), (38a)

Zidx, ,2,0; K(,K,) = —_—
MV VKD = YN Sa .z e Kr

and

1 1
MN of(x,y,z,0)o(q,u,v,w) 8

ZiRx,y,z,0;q,u,v,w; K;,Kp) =

1 K,+K,
{2 3 ey 20 @0 - ity 2,0 55
K2k=K1+l
1 K +K, K i+K,
- = X wk,y,z,0 Y vlq,u,v,w)p, (38b)

2
K3 | a=ky+1 k=K +1
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which are the Monte-Carlo estimates of the the first- and second-order deriva-
tives of the logarithm of the partition function with respect to the LTF’s.

There are many important applications which require the calculation of
the partition function and its derivatives. An anticipated application is the
development of an optimal algorithm for the maximum-likelihood estimation of
the LTF of a GRF from a given realization. We shall not expand on this suhject
here; instead, we shall illustrate the use of these calculatiors for the computa-
tional study of phase transitions.

The internal energy Eyn(T) and the specific heat Cyy(T), given by

_ 1 9 olnZyn
Eyn(T) = AN T ST (39a)
and
_JEyn(T) 2 1 . 0*InZyy
CMN(T) = —a_T— = T EMN(T) + MN T 372 s (39b)

respectively, are two important thermodynamic quantities, associated with a
GRF, which allow the study of phase transitions [5]. If T, is a temperature
such that

i O )= 40

then we say that the GRF is in phase transition at critical temperature T.. The
study of phase transition is very important, being the subject of many discip-
lines, including statistical mechanics [2], [3-5], [29], [34], [44], [59], probability
and information theory (2], [32-34], [44], [60], [61] and image processing [12],
[34], [44]. From egs. (39) and (40) we see that the critical temperature T, is the
temperature at which the internal energy Eyn(T), or the first-order derivative

dInZyy /0T, is discontinuous. Observe that

nZyy dnZyy  Jolx,y,z,w)
T X dox,y,z,0) oT ' “v

(x,y,z,u)eE,}
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and, therefore, the internal energy Eyn(T) can be approximated by (see also

eqs. (36), (38a), (39a) and (41))

BunT;KuK) =T 8 2{,y,2,0; Ky Kp) 295:2:2,0)

(:.y,z‘m‘eE,j
K. +K
1 1 T2 dlnolx,y,z,w)
=T% — — Vilx,y,z,0) ——=22220 2 | (42)
MN K2 k=Kzl*l{(x,y,zz,a)eE’; aT

At the critical temperature, the second-order derivative 3%InZyy/0T? will neces-
sarily become infinite. From egs. (36)-(38), (39b) and (42) we can easily show
that the specific heat Cyn(T') can be approximated by

2 dolx,y,z,w) + a2c(x,y,z,m)
T oT oT*
}

CMN(T;K11K2)=T2 Z {Zéllg/(xry’z)w; K11K2)
4

(x,y,2,0)e E

dolq,u,v,w)

, 9ox,y,2,0)
aT

aT Z Zx{}&(x,y,zym;Q,U,U,W;Kl,KZ)

(q,u,u,w)eE,}

.

_1 1 1 Klixz Y vix,y,z,0) T? dlnotx,y,z,0) 2
= e — k 1) 34
T? MN K, R=Ki+1|(e,y,2,me E} o

.

F K +K, 2
-1 E T weyzorrdidErne L g
2 [ k=K +1 (x,y,z,m)eEl_}

To effectively compute the Monte-Carlo estimates given by egs. (38a), (42)
and (43) we employ the Gibbs Sampler algorithm with a lexicographic site
updating, by generating a Markov Chain which asymptotically reaches the
Gibbs distribution. The overall procedure is summarized in the following Algo-

rithm II1.
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ALGORITHM III:
| Initialization
| 1. Generate, lexicographically, a realization h; of the MC-GRF with probabil-
ity Pyn(h), given by eq. (7), with 7;(x,y, z, ©) = t(x, y, z, w), given by eq.
‘ (19). Setk « 1.
2. Set h =hy(sy), with p = (¢ - 1) modulo MN + 1, where s, 5, ..., Syn,15 @
lexicographic ordering of the sites in Ayy. Denote site s, by @, j).
3. Draw a value ¢ from probability d, /(TR d;),n =1,2,..., R, where
G(¢l hl 1, j:h;(kl) j-1» l(kj)—l) X c(hl(kj)+l ’ l(kl) J+l ,h'(fl),j, ¢I)
X G(hz(ﬁl-ll) J? ‘blrhi(,kj)—l rhx(-{-!l) j-l) X o.(hz(-fl) Jj+l ’hl(k_])-'-l ’ ¢l »hz+l j) (44)
for!{=1,2,..., R.
4. Set AV =0, AV = pP), for every (m,n) = G, ). Setk « & + 1.
5. Ifk =K, +2compute vg ,(x,y,z,0), for all (x,y,z,0) € Ef, and

dlno(x,y, z, m)

TERMK1+1 = T2 F‘ VK1+1(x 2y 121(‘0) oT

-
(x,y,z,0)€ Eé

Then,

derK‘H(x,y,z,m):vK1+1(x,y,z,co), for every (r,y,z,0) e Ef,
SUM1K1+1= TERMK1+1 y SUM2K1+1= TERM}?1+1 ’

otherwise, go to step 2.

Main Iteration

6.

Set h = hy(sp), with p = (k¢ — 1) modulo MN + 1, where sy, s, ..., syn, 15 a
lexicographic ordering of ihe sites in Ayy. Denote site s, by @, j).
Draw a value ¢ from probability d, /(3*,d;),n =1,2,..., R, where d;,

1=1,2,..., R are given by eq. (44).
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8. If ¢=h", go to step 9; otherwise, compute v, ,,(x,y,z,0) of the new reali-

zation, for all (x,y,z,0) € E4. Also, compute:

dlnalx,y,z, co)

TERMy 1= T* T viax,y,2,0) 3T

(x,y,z,0) € Ef
9. Set
der, . \(x,y,z,0) « der,(x,y,z,0) + vy ,,(x,y,2,0), forevery (x,y,z,0) € Ej,
SUM1,,,« SUM1, + TERM,,,, SUM2,,, <« SUM2, + TERM_,, .

10. Ifk +1=K,+K,, set

1 1

2R
n(x,y,2,0; Ky, Kp) = MN o(x,y,z,w) K

-derg, kg, (®.7,2,0),

1

Eyn(T; K ,K3) = —— N K2 SUM 1k 4k, ,
1 1
Cun(T; K1,Kp) = T2 UN K2 SUM 2 .k, - X, — SUM 1% .k, |

and stop; otherwise, set 4,1 = ¢, A& = 4%, for every (m, n) = G, j), kb «

k + 1, and go to step 6.

The obtained estimates will be consistent, but only asymptotically unbiased.

VI. SIMULATION EXPERIMENTS

We have demonstrated the fact that the partition function of a general
GRF can be calculated by using the Monte-Carlo schemes discussed in Section
IV. Two major questions have to be answered at this point. The first is how
well the proposed algorithms work. This question is essential, because, in prac-
tice, there are many factors that can prevent us from getting the expected
results. Some of these factors are: (a) the quality of the random number gen-

erator used in the program, (b) the truncation errors incorporated in the
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computation of various sums; (c) the number K of samples used for the compu-
tation of the estimates; and, (d) the numbers K, and K, used in Method 2 for
the calculation of the first-order derivatives of the partition function (see Sec-
tion V). The mishandling of some, or all, of these factors may give misleading
results. The second question concerns the relative merits of Method 1 and
Method 2. We are interested in knowing which method gives more accurate
results, and which is more computationally efficient. Additionally, we would
like to demonstrate the fact that sampling from the probability distribution of
a MC-GRF with the i.i.d. choice for the LTF fails to give reasonable estimates,
whereas, our methods constitute a vast improvement over the ii.d. case. All
these can be accomplished by comparing our computational results with
analytical results obtained by either performing the required summations over
all RMN possible realizations of the GRF [H ], or by using analytically known
solutions. The first approach is limited to GRF’s defined over small lattices,
whereas, the second approach is usually limited to the 2-D Ising model with no
external magnetic field and nearest neighbor interactions [2], [5], [32-34], [59],
[61-66]. We shall present various comparisons, by employing both approaches,
and demonstrate that the proposed methods provide highly accurate results.

In the first set of experiments we consider five binary GRF’s, at different
temperatures, with a second-order neighborhood system and a homogeneous
LTF, defined initially over a small rectangular lattice of 4 x4 sites. These
GRF’s are fully desciibed in terms of 16 parameters ¢ = { o(x,y,z,0), x,y, 2, ®
= 0,1 }. A program has been written which estimates the partition function by
using Algorithm II and by sampling from the three different probability distri-
butions Pif;, Pyy, and Pyy. Estimates of V,InZyy, Exn(T) and Cyn(T) are also
obtained by using Algorithm III. All estimated quantities are compared with
the actual ones, which are calculated by performing summations over all possi-

ble 64,000 states. Various simulation experiments have been performed for the
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three different sampling probability distributions and for a wide range of tem-
peratures. The results are extremely accurate and demonstrate the fact that
both our methods work well, converging to the correct values within a small
number of iterations (usually less than a thousand). The method based on the
ii.d. choice fails, especially at low temperatures. The number of iterations
greatly depends on the choice of the LTF of the underlying sampling probabil-
ity distribution, as well as on the temperature. At high temperatures, our
methods converge extremely fast, whereas, at low temperatures many itera-
tions are necessary. This is a predictable behavior, since, at high temperatures,
the GRF and the MC-GRF are both “close” to an i.i.d. random field, whereas,
at lower temperatures, the MC-GRF is only an approximation of the original
GRF [38]. This is especially obvious when the GRF exhibits strong diagonal
interactions between sites (i, j) and (i~1, j+1), in which case, Method 1 does not
perform much better than the i.i.d. case; however, Method 2 is always superior.
This can be seen by calculating the error variances of the different sampling
schemes by performing the necessary summations over all the 64,000 states,
and by assuming that Algorithm I is used. These calculations show that
Method 2 results in the lowest variance, whereas, in most cases, Method 1 has
lower variance than the i.i.d. case.

Figure 1 depicts realizations of the five GRF’s considered here. Each of the
five rows corresponds to realizations of one 128x128 site GRF at five different
temperatures. Phase transition is apparent in these realizations. As the tem-
perature drops from high (T > T,; realizations look random) to low (T < T,;
realizations look ordered and structured), the qualitative behavior of the ran-
dom field changes, and short range interactions among sites develop into long
range ones. Table I depicts the different temperatures used for the realizations
of Fig. 1, whereas, Table II depicts the values of vector ¢. In Figs. 2A-2E a
comparison of the exact value of f(Z,,) and the estimated one, obtained by
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using Algorithm II with all three sampling methods (i.i.d., Method 1, and
Method 2), is depicted. In this case K = K, = K, = 1,600. In many instances, the
iid. case fails to give a reasonable result, whereas, our methods give perfect
results. The exact internal energy E, «T) and specific heat C,4(T) are also dep-
icted, as well as their corresponding estimates, obtained by using Algorithm
III. A high degree of accuracy is achieved. Figures 3A-3E illustrate the
behavior of our methods as compared to the i.i.d. case. The minimum number
of iterations K» necessary to achieve a certain degree of confidence in the qual-
ity of our estimates (a 5% confidence interval), is plotted, in a logarithmic
scale, as a function of temperature T, for the five different GRF’s of Table II. If
we assume an iid. sampling scheme (like that of Algorithm I) and that an
asymptotically normal distribution is achieved, then we can easily show that

Varp(Qun,p)

= = PriZyn p(K) € (0.8Zyn, 1.2Zyx) ] = 0.95,
Zyin '

Kp = int | 100.0

for K 2 K,. Method 2 results in substantial improvement (with respect to the
minimum number of iterations) over the i.i.d. case.

From the first set of experiments, we can conjecture that Method 2 is
superior to Method 1. Now, we would like to see whether this is true as the lat-
tice size grows. In the sequel, we consider the same five GRF’s on larger lat-
tices (up to 128x128 sites). We use Algorithms II and III to obtain estimates of
Zyn(K) (sampling from Pi%, Pyny and Pyy), of Eyn(T), and Cyy(T). Although
exact analytical results are unavailable for general GRF’s, we can draw some
conclusions about the efficiency of our two methods by checking the behavior of
the estimated curves of f(Zyy p) versus the temperature T as the lattice size
becomes larger. Such curves are depicted in Figs. 4A-4E (for 16 x 16 sites), Figs.
5A-5E (for 32x32 sites), Figs. 6A-6E (for 64x64 sites), and Figs. 7TA-7E (for
128x128 sites), for the five GRF models of Table II. In all cases
K =K, =K, =10,000MN . The shape of these curves indicates that Method 1
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breaks down at low temperatures (for T < T, ), being comparable to Method 2 at
high temperatures (for T > T, ). However, it is impossible to judge the accuracy
of Method 2, especially at low temperatures and at temperatures around the
critical temperature, since we have no exact results to compare with. It seems
though, that Method 2 gives reasonably good estimates, except in the case
when the random field exhibits strong diagonal interactions between sites (i, j)
and (i-1, j+1). This is evident from Figs. 1, 4E, 5E, 6E, and 7E; the estimated
curves of the partition function versus T, obtained from our simulations, are
not “smooth enough” at low temperatures, implying large error variance. Notice
however that, the remarkably good results obtained from the second set of our
experiments, described next, are very encouraging and strongly favor Method 2
over Method 1. Finally, to obtain a rough idea about the location of the critical
temperature T, of the GRF’s under consideration, we plot the internal energy
and specific heat curves of the GRF models, for different lattice sizes (8x8,
16x16, and 32x32). The resulting graphs are depicted in Figs. 8A-8E; they
allow us to conclude that the break down point of Method I is indeed very close
to T.. The critical temperature corresponds to the peak of the specific heat
curve as the lattice size grows (see eq. (40)).

In the second set of our experiments, we compare our results with analyti-
cally known solutions. We consider a special case of a GRF, the two-
dimensional Ising model with no external magnetic field and nearest neighbor
interactions, defined on a rectangular lattice. This model has been first intro-
duced by the German physicist Ernst Ising in his attempt to statistically for-
mulate the phenomenon of ferromagnetism. Although the Ising model has a
very simple LTF, it has been enjoying considerable attention, because it is one
of the rare non-trivial (i.e., it exhibits phase transition) GRF models whose par-
tition function and its derivatives can be computed analytically. The neighbor-

hood system for such a model is the first-order system NSV, defined in Section
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II, whereas, R=2, Eg = (-1,+1} and®
c(X,Y,Z,.Q)=exp[—71-;(BXY +AX_Q)} . (45)

If we assume torodial boundary conditions, we can compute the partition func-
tion analytically, as it has been done initially by Onsager [59]. If we define
parameters a=A/T and B=B/T, then the partition function of the Ising model
is given by {32], [63] (for all temperatures T such that T = T,)

=1

Zyn = —(2smh2o:) 2 {n[2 cosh( 5 Yer )+ H[2 smh( 35 Yer )]

+ H[Z cosh( — 72,_1)] + H [2 sinh( —72,_1)]} (46a)

r=1

where
coshy; = cosh2a” cosh2a ~ sinh2a” sinh2B cos(nj /N) , (46b)
forj=1,2,...,2N, and o' satisfies
sinh2a sinh2a" = 1. (46¢)

Phase transition occurs at the critical temperature 7T, which satisfies the

equation

sinh

sinh{ng =1. 47

TC TC

At the critical temperature v,y = 0. Following the derivation of eq. (46) in [63]
we can easily see that v, >0, for every r=1,2,...,2N-1 and that
Yon >0, if T <T, , whereas, v,y <0, if T >T, . Therefore, eq. (46), together with the
identity

6 We use capital letters for x,y,z,w to denote that they take values in {~1,+1}. Small
letters will denote variables x,y,z, w which take valuesin {0, +1]}.
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-1
coshl® = 271 T] coshO—cos(zL;l}E
=0

and the knowledge of the signs of v;’s, car be used to calculate the partition
function of the Ising model. In the case of large lattices, and for temperatures

T # T, , the following approximation can be used [61]

1 1
UN InZyy = > In{ 4 cosh2a cosh2B8} + B(a,B), (48a)

where

T _2r
B(a,B) = jo In &(tanh2¢, tanh28 ;8,6 )deds , (48b)

1 2
_8?'{0

1
cosd —y (1-x2?% coso (48¢)

0=

O(x,y:0,0)=1-x(1-y?%

with x =tanh2a and y =tanh2B. Equation (48b) can be approximated by its

Riemann sum; therefore,

B(e,B)= W;Né{i lgl In ®(tanh20, tanh28 ;68,4 ,0; ), (49a)
where
0 = [%;l + —2%] r, (49b)
and
on = [Q’FN—“I—] 1. (490)

Equations (48) and (49) are quite accurate, even in the cases of small lattices;
therefore, we shall use them when M, N > 20. When M, N < 20, eq. (46) should
be used.

Equations (48) and (49) can also be used to compute the first- and
second-order derivatives of the partition function with respect to 7. Indeed, it

is easy to show that,
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olnZ
Euy(T) = T? o S (50a)
and
1 dlnZyn 2 1 821nZMN
Cn @ =2T g~ * T 3N 17 (50b)
where
1 dnZyy A 1 dnZyy B 1 dnZyy (50¢)
MN T T2 MN do T MN o
1 azanMN - 1 2A aanvl\,— 2 aanMN
MN ~ 37?2 MN | T3 3a T3~ B
. A *InZyn , 24B dlnZyy . B B2 321nzm, . (504)
T+ o2 T4 dodp T*
and, for T = T,
1 dInZyy 1 M N Dlx,y;0;,0,)
— = tanh2o + _— 51a
MN ~ oa * 2MNJ§IE‘1 @(x,7; 08, 08) (51a)
1 dInZyy 1 M N Dylx,y;0;,0)
_— = tanh2 —_—— _ 51b
N o P o 2 X oty 60, 00) (51b)
1 9°InZyy 1 | MY Dulr,y;0:,0)
—— ———=" = 2(1 - tanh?2a L
MN ~ oa? (1-tanh'2e) + S | 2 Z Syi00 00)
MY ‘Dfﬁx,y;(%k,¢k)
(51
g § ¢2(x’y eJk:‘bk) C)
1 FInZyy 1 | M N Oplx,y;05,0)
—— ——— N - 9(1-tanh?2) + —— J
MN a2tk | 2 B Sty 0,00
M N Of(x,y;05,0)
- , (51d)
}Eiég; (bZ( X,Y; Jk;¢k)
1 FInZyy _ % % Dog(x,y ;01 , 04)
MN  6adB 2MN j=lk=1 d>(x,y;(—)jk,¢,,)
MON Dyx,y;0,,0,) Do, y;05,0) |
_ZE X,Y 98,00 ) PpX, Y ;09 kJ. (51e)

J=l k=1

*(x,y;0k,08)
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In egs. (51) @, Paa, O, Oy and Dy are the first- and second-order partial

derivatives of ® with respect to a and 8, given by

1 1
Dulx,y:8,0) = -2(1-xD(1-y%)2 cos8 + 2xy (1-222 coso , (52a)
1 1
Dp(x,y;6,0) = -2(1-y®(1-x92 cosp + 2xy (1-y*)? coso, (52b)
1 1
Doal(x,y;6,0) = 8x (1-22)(1-y%)2 cos9 + 4(1-2x2)y (1-2%)2 coso , (52¢)
1 1
Dpa(x,y;0,0) =8y (1-yH(1-2%)2 cosp + 4(1-2y9x (1-y?)2 coso, (52d)
and
1 L
Dop(x,y;6,0) =4y (1-x2)(1-y%)2 cosd + 4x (1-xD2 1-y?) coso . (52e)

Equations (48)-(52) are used for the analytical computation of the parti-
tion function and its derivatives. To obtain the Monte-Carlo estimates, we have
to modify our program, since the random variable H(i,j) assumes values
-1, +1 instead of values 0, +1, and since we have assumed toroidal boundary
conditions, instead of free boundary conditions. As the lattice becomes large
the effects of the boundary conditions become negligible [2].7 We can now use
the original Monte-Carlo simulation program, used in the first class of experi-

ments, by employing the following transformation
X=2x-1, Y=2y-1, Q=20-1, (53)

which yields binary 0-1 random variables. Substituting eq. (53) into eq. (45) we
obtain

olx,y,z,0) = exp[al; [~(A+B)—(2A+23)x -2By-24 0 + 48 xy +4Axco]J.

7 This may not be the case when the temperature is close to the critical temperature, in
which case a discrepancy between the analytical and computational result is expected.
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In our simulation experiments we have considered four different Ising
models defined on various size lattices, up to 128x 128 sites. These models are
viewed as one-parameter models in which A, B are kept fixed and T varies.
Realizations of these GRF’s on a 128x128 site lattice, at different tempera-
tures, are depicted in Fig. 9. The corresponding values of A and B, together
with some other useful information, are depicted in Table III. Our objective
now is to compare the exact values of the partition function with the estimated
ones, obtained by using Method 1 and Method 2. Figures 10A and 10B show
the typical convergence behavior of our two methods for the case of the Ising 1
model considered on a 16x16 site lattice, at a high temperature (weak cou-
plings) and at a low temperature (strong couplings). The obtained results verify
our previously observation that Method 2 is more accurate at temperatures
below the critical temperature than Method 1. In Figs. 11A-11D we compare
the estimates obtained by using Method 1 and Method 2 with the exact results
for the four Ising models of Table III considered on a 32x32 site lattice. The
same quantities are depicted in Figs. 12A-12D, for a 64x64 site lattice, and in
Figs. 13A-13D for a 128x 128 site lattice. In all cases K = K, = K, = 10,000 MN .
The obtained results indicate that Method 2 provides really good estimates of
the partition function, whereas, Method 1 fails to do so at low temperatures. In
Figs. 14A-14D we compare Eg3(T; K|, K;) With Egp55(T), and €33 3o(T; Ky, K7)
with Cj335(T), in order to check on the accuracy of Algorithm III. We have used
K, = K, = 322x 10,000 iterations. Finally, we consider the Ising model as a two-
parameter model, with respect to the parameters (o« =A/T,3=B/T),on a 16x16
site lattice. We took 0.2 <a, p < 0.8, which corresponds to models with both
strong and weak couplings, as it is indicated in Fig. 15. The partition function
of the Ising model has been calculated by using Method 1 (see Fig. 16B) and
Method 2 (see Fig. 16C). The exact partition function is depicted in Fig. 16A.
The resulting computational error is shown in Figs. 17A and 17B. These
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results clearly illustrate the superiority of Method 2.

To conclude, we would like to point out that, although Method 2 is usually
superior to #Method 1 at virtually all temperatures, we prefer to use Method 1
at high temperatures (i.e., for T > T,) because of its reasonable accuracy and
computational efficiency (recall that the implementation of Method 2 requires
the computation of the first-order derivatives of the partition function, with

respect to o(x,y,z,®), which is a quite expensive computation).

VII. CONCLUSIONS

We have presented a new technique for the estimation of the partition
function of a general GRF which is based on approximating a general GRF by
a MC-GRF. We have discussed an optimal choice for the MC-GRF in terms of
achieving error variance reduction, and we have adopted two reasonable subop-
timal choices that have the advantage of simplicity and computability. These
choices contain substantial information about the initial GRF, and allow us to
achieve significant error variance reduction. The second choice is optimal in
terms of minimizing an entropy distance from the given Gibbs distribution. We
have also considered different Monte-Carlo algorithms and concluded that the
choice of the Gibbs Sampler with lexicographic site updating was the most
appropriate. Our proposed techniques result in unbiased and consistent esti-
mates of the partition function. This is a major improvement over existing
Metropolis-like simulation algorithms, which sample directly from a distribu-
tion that asymptotically approaches the Gibbs distribution, and are capable of
estimating only the derivatives of the logarithm of the partition function, and
not the logarithm of the partition function itself.

Our two choices of MC-GRF’s have resulted in two different methods for

the calculation of the partition function. We have carried out many simulation
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experiments in order to test the reliability, accuracy and the relative merits of
the two approaches. The obtained results have been compared to analytical
ones, wherever possible. Our experiments gave remarkably accurate results,
demonstrating the fact that we can obtain good estimates within reasonable
computational time, for a wide variety of GRF models. We have also examined
the behavior of the methods as the lattice size increases and as the tempera-
ture approaches the critical temperature, and conjectured that Method 2 is
more reliable than Method 1 around and below the critical region of the GRF.
Nevertheless, we prefer to use Method 1 at high temperatures. We believe that
our methods can be effectively used for the optimal parameter estimation of a
general GRF. We would finally like to notice that, the use of computationally
efficient algorithms can boost the performance of our methods, and yield even

more reliable estimates.
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Figure 1: Realizations of five 128:<128 site GRF's at different temperatures. Each
row depicts a GRF model ‘top to bottom: GRF1. GRF2. GRF3. GRF4.
GRF5) at five different temperatures rlett 0 right: Ty, T, T, T, T...

See also Tables [, IL
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Table I: Temperatures used in the GRF
realizations depicted in Fig.1.

Reference Temperatures
name To T, T, T, T,
GRF1 2.00 1.30 1.00 0.75 0.50
GRF2 2.00 1.7G 1.40 1.20 1.00
GRr2 3.00 2.00 1.30 1.00 0.50
GRF4 3.00 2.00 1.30 1.00 0.80
GRF5 3.00 2.30 2.00 1.30 1.00

Table II: LTF’s of the five GRF’s depicted in Fig.1.

LTFs GRF1 GRF2 | GRF3 GRF4 GRF5 |
T x Ina(0,0,0,0) | 0.00000Q 0.00000 0.00000 0.00000Q 0.00000
T x Ins(0,0,0,1) | -0.50000 0.00000 0.00000 | -0.40000 0.00000 |
T x Incs(0,0,1,0) | -0.50000 0.00000 0.00000 0.03000 0.00000
T x Ino(0,0,1,1) | -1.00000 0.00000 0.00000 | -0.72000 0.00000
T % Ino(0,1,0,0) | 1.00000 0.00000 0.00000 | -0.91800 0.00000
T x Ing(0,1,0,1) | 0.51500 | -1.25000 0.59500 { -2.04300 5.00000
T x Ino(0,1,1,0) | 0.50000 0.00000 0.00000 | -0.55000 0.00000
T xIno(0,1,1,1) | 0.01500 | -1.84960 0.59500 | -2.85500 5.20000
T x Ino6(1,0,0,0) | -0.26000 0.89540 0.00000 | -3.20000 0.20000
T xIna(1,0,0,1) | -2.76000 | -0.94740 | -1.25000 | -0.60000 | -1.80000
T x Ino(1,0,1,0) | -0.63000 1.22990 0.59500 | 4.99000 | -4.80000 )
T x1lno(1,0,1,1) | -3.13000 | -0.68070 | -0.65300 | -0.24000 | -6.70000 !
T xIno(1,1,0,0) | 2.84000 | -0.56980 | -1.25000 | -0.64260 0.70000 ‘
T x1no(1,1,0,1) | 0.35500 0.96180 | -190500 | -0.20560 4.10000 |
Tx1no(1,1,1,0) | 2.47000 | -0.66600 | -0.65500 | -0.97210 | -4.20030 f
T x1no(1,1,1,1) | -0.01500 0.80200 | -1.31000 | -0.11510 0.40000 |
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Figures 2A-2E: Comparison of the exact
and estimated partition function, negative
internal energy and specific heat for the
five GRF models of Table I (K=
K, =K, = 1600).
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Figure 3A
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Figure 3E
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Figure 3B
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Figures 3A-3E: Number of iterations X,
of Algorithm I necessary to obtain
Pr(Z,,pK)e (082,122,901 = 095,
for K> Kp, for the five GRF models of

Table IT.
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Ore——da Ky - Method 2.
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Figure 4A
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Figures 4A-4E: Monte-Carlo estimation
of the partition function of the five GRF
models of Table I, using three different

sampling schemes (K =16%x 10*).
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Figure 5A Figure 5B
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Figure 5E
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1.00 32 x 32 sites Figures 5A-5E: Monte-Carlo estimation

of the partition function of the five GRF
models of Table I, using three different
sampling schemes (X =322x10%).
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Figure 6B
GRF2, 64 x 64 Sites
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Figures 6A-6E: Monte-Carlo estimation
of the partition function of the five GRF
models of Table II, using three different
sampling schemes (X =64%x 10%).
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Figure 7B
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Figure 8A
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Figures 8A-8E: Monte-Carlo estimates of
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for the five GRF models of Table II. In all
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Figure 9: Realizations of 128x 128 site Ising models. Each row depicts an Ising
model (from top to bottom: Ising 1, Ising 2, Ising 3, Ising 4) at five
different temperatures (from left to right: Ty, Ty, T2, T3, T4). See Table

ITI for details.
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Table II: Interaction parameters (4,B) of the Ising models
of Fig. 9 for different temperatures 7;.

Reference Interactions Crit. temp. Temperatures of Fig. 9
name (A,B) T. T, T, T, T, T,
Ising 1 (1.0,1.0) 2.26918 4.00 3.00 2.50 2.27 2.00
Ising 2 2.0,1.00 3.28204 5.00 4.00 3.50 3.28 3.00
Ising 3 3.0,1.0) 4.15617 6.00 5.00 4.50 4.15 3.50
Ising 4 (-1.0,1.0) 2.26918 4.00 2.50 2.00 1.50 1.00

Figure 10A
ISING 1, 16 x 16 sites, T = 3.0

0.82 | e T~

0.80 +

0.78 . — ' : :

10° 10} 10? 108 10* 108 10®

Iterations
Figure 10B
ISING 1, 16 x 16 sites, T = 1.5

1.3 ¢
1.2 ¢

F/—" -
1.1 . ' . — .

10° 10! 10? 10® 10* 10° 10°

Iterations
Figures 10A, 10B: Convergence behavior of the Monte-Carlo algorithm
for the estimation of the partition function of the 16x16 site Ising 1

model at T =3.0 (Figure 104, T >T,), or at T =1.5 (Figure 10B, T <T.).
1

—_ T InZ g6 - Exact result.
1

—_ —1—6;1112 1616p°(K) - Method 1 (plotted versus K).
1

...... i In 218,18, p=(&) - Method 2 (plotted versus K).
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Figure 11A Figure 11B
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Figures 11A-11D: Monte-Carlo estimation of the partition function of the four Ising
models of Table III, considered on a 32x32 site lattice, by using two different sampling

schemes (X =322x 10*). Comparison with the exact partition function.
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Figure 12A Figure 12B
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Figures 12A-12D: Monte-Carlo estimation of the partition function of the four Ising
models of Table III considered on a 64x64 site lattice, by using two different sampling

schemes (K =64%% 10*). Comparison with the exact partition function.
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Figure 13A Figure 13B
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Figures 13A-13D: Monte-Carlo estimation of the partition function of the four Ising
models of Table III considered on a 128x 128 site lattice, by using two different sam-

nling schemes (K = 128%x 10%). Comparison with the exact partition function.
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Figure 14A Figure 14B
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Figures 14A-14D: Comparison of the exact and Monte-Carlo estimates of the internal
energy and specific heat for the four Ising models of Table III, considered on a 32x32
site lattice (K, = K, = 10,000x 32%).
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Figure 13: Areas of strong and weak couplings for the two-prrameter Ising
model. The regions which correspond to the parameter values

considered in our simulation experiments are shown.

Critical region: Separates areas of weak and

strong couplings;

' RS a Ising 1 model;
—a Ising 2 model;
— Ising 3 model;

r— Ising 4 model;

the shaded area corrsponds to the parameter values

used for the results depicted in Figs. 16 and 17.
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Figure 17A

Figure 17B

Figures 17A, 17B: Error (%) of the Monte-Carlo estimate of the partition function for
the Ising model considered in Figs. 16A-C. ‘
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